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Abstract
Current solar, atmospheric, and reactor neutrino data still allow oscillation
scenarios where the squared mass differences are all close to 10−3 eV2, rather
than being hierarchically separated. For solar neutrinos, this situation (re-
alized in the upper part of the so-called large-mixing angle solution) implies
adiabatic transitions which depend weakly on the neutrino energy and on
the matter density, as well as on the “atmospheric” squared mass difference.
In such a regime of “quasi-energy-independent” (QEI) transitions, intermedi-
ate between the more familiar “Mikheyev-Smirnov-Wolfenstein” (MSW) and
energy-independent (EI) regimes, we first perform analytical calculations of
the solar νe survival probability at first order in the matter density, beyond
the usual hierarchical approximations. We then provide accurate, generalized
expressions for the solar neutrino mixing angles in matter, which reduce to
those valid in the MSW, QEI and EI regimes in appropriate limits. Finally,
a representative QEI scenario is discussed in some detail.
PACS number(s): 26.65.+t, 14.60.Pq
Typeset using REVTEX
1
I. INTRODUCTION
The evidence in favor of neutrino mass and mixing [1] coming from the atmospheric
anomaly [2–5] and from the solar neutrino deficit [6–13], as well as the constraints on νe
mixing from recent reactor searches [14,15], are being actively investigated both experimen-
tally and theoretically. From the theoretical point of view, in the absence of new neutrino
interactions or new (sterile) states, the mass-mixing parameters are characterized by the
(unitary) mixing matrix U between the flavor states να (α = 1, 2, 3) and the mass states νi
(i = 1, 2, 3),
να =
∑
i
Uαi νi , (1)
and by two independent squared mass differences, that we define as
δm2 = m2
2
−m2
1
, (2)
m2 = m2
3
− m
2
1
+m2
2
2
, (3)
as graphically shown in Fig. 1. The two possible independent spectra in Fig. 1 are formally
distinguished by the sign of m2, while the sign of δm2 can always be taken positive without
loss of generality (see also Sec. III).
From the experimental point of view, combined solar and reactor data analyses [16–18]
imply an upper limit on the smallest squared mass gap δm2,
solar+reactor ν : δm2 <∼ 0.7× 10−3 eV2 . (4)
Conversely, atmospheric data analyses [3,19,16] imply a lower limit on the remaining (larger)
squared mass gap m2,
atmospheric ν : |m2| >∼ 1.5× 10−3 eV2 . (5)
Equations (4) and (5) thus imply the current phenomenological limit
δm2 <∼
1
2
|m2| . (6)
The above constraint is largely fulfilled in several “hierarchical” oscillation scenarios,
where
hierarchical cases ←→ δm2 ≪ |m2| , (7)
and the zeroth order approximation in the ratio δm2/|m2| is usually very accurate for both
solar [20] and laboratory [21] neutrino calculations. At present, however, one cannot exclude
that the limit in Eq. (6) is saturated, namely, that δm2 and |m2| differ by less than an order
of magnitude. This case, recently considered in [22] for atmospheric neutrinos, is of great
interest for laboratory oscillations searches (e.g, at future neutrino factories), where it might
lead to detectable CP-violating effects.
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Concerning solar neutrinos, the situation characterized by both δm2 and m2 approaching
10−3 eV2 (from below and from above, respectively) can affect the upper part of the so-called
large mixing angle (LMA) solution of the solar neutrino problem [20,16,23]. Such a situation,
being relatively close to the regime of “energy-independent” (EI) transitions in vacuum [24]
(established for both δm2 and |m2| hypothetically above ∼ 10−3 eV2) can be called of
“quasi-energy-independent” (QEI) transitions
QEI ←→ δm2 ∼ |m2| ∼ O(10−3) eV2 , (8)
and is characterized by a mild dependence on matter effects (“low density” regime) and on
neutrino energy. Matter effects become increasingly larger for lower values of δm2 (|m2| being
fixed by atmospheric neutrino data), in the familiar regime of Mikheyev-Smirnov-Wolfenstein
(MSW) transitions [25], where the hierarchical approximation (7) can be applied.1
At the relatively high values of δm2 and m2 implied by the QEI regime [Eq. (8)], oscilla-
tion phases are large and unobservable, flavor transitions are adiabatic, and the calculation
of the νe survival probability is reduced to the calculation of the mixing matrix elements in
matter U˜ei. Although some analytical approximations for the U˜ei’s at low density have been
studied in early works on three-flavor oscillations2 (see, e.g., [27,29,30] and refs. therein), we
think it useful to revisit and complete such studies, especially in order to remove restrictive
hypotheses that have often been used (e.g., the assumption of sizable hierarchy δm2 < m2
[29] or of small mixing angles [30]).
Our paper is structured as follows: In Sec II we derive analytical expressions for the U˜ei’s
in the QEI regime at first order in the matter density, with no restrictive assumptions about
the neutrino mass hierarchy or mixing, and without using a specific parametrization. In
Sec. III we show how to embed such results in generalized expressions for the mixing angles
in matter, which smoothly connect the familiar MSW regime (for δm2 ≪ |m2|) and the QEI
regime (where δm2 ∼ |m2|), up to the EI regime. Such expressions (written in standard
parametrization) may be used to improve the calculation of the solar neutrino oscillation
probability in the high-δm2 fraction of the LMA solution. Finally, we discuss in Sec. IV
a specific QEI scenario compatible with present reactor data, and draw our conclusions in
Sec.V.
II. PARAMETRIZATION-INDEPENDENT CALCULATIONS
Oscillations in matter are affected by the νe interaction potential v at the position x,
v(x) =
√
2GF Ne(x) , (9)
1For even lower values of δm2, matter effects play again a subdominant role (quasivacuum oscil-
lation regime [26]), but for opposite reasons (relatively high matter density).
2An exact analytical diagonalization of the three-flavor neutrino Hamiltonian in matter is also
possible [27,28] but, unfortunately, the results are not particularly transparent.
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where Ne is the local electron density [25]. Matter effects are strong (MSW regime) when v
is of the order of (at least) one of the wavenumber differences |ki − kj|, where
ki =
m2i
2E
, (10)
E being the neutrino energy. In the QEI regime for solar neutrinos [Eq. (8)], for typical
neutrino energies, the ratio v(x)/|ki − kj| is instead (often much) smaller than unity for
x even in the solar core (regime of “low density”). Moreover, variations of v along one
oscillation wavelength are extremely small, and the three-family νe survival probability takes
the adiabatic form
P 3νee = U˜
2
e1U
2
e1 + U˜
2
e2U
2
e2 + U˜
2
e3U
2
e3 (11)
(see [29] and refs. therein), where the U˜ei’s represent the mixing matrix elements at the
production point,3 and we have taken the three νe mixing matrix elements as real.
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The goal of this Section is to calculate the elements U˜ei at first order in the small
parameters v/|ki − kj|. In Sec. IIA we discuss in some detail the spectral decomposition
of the Hamiltonian (only rarely used [27,31] in the neutrino literature), and in Sec. IIB we
apply it to the calculation of the U˜ei’s at first order in the matter potential.
5 No specific
parametrization for ν masses and mixing is used in Sections IIA and IIB.
A. Spectral decomposition of the Hamiltonian
The neutrino Hamiltonian H in the flavor basis (νe, νµ, ντ ) can be defined as
H = UKUT + V , (12)
= U˜K˜U˜T , (13)
where U (U˜) is the mixing matrix in vacuum (matter), and
V = diag(v, 0, 0) , (14)
K = diag(k1, k2, k3) , (15)
K˜ = diag(k˜1, k˜2, k˜3) , (16)
3As far as the QEI regime is concerned, the (very low) Earth matter density at the detection
point can be neglected (vacuum approximation).
4This convention does not imply a loss of generality. For complex U , the only difference in our
QEI results would be the replacement of U2ei with |Uei|2 (and analogously for U˜). However, one can
always choose a parametrization in which the |Uei|2 do not depend explicitly on the CP violating
phase. In order to avoid unnecessary book-keeping of U∗ terms in the text, we prefer then to take
U real from the beginning.
5 We use the more compact notation O(vn) as a substitute of O(vn/|ki − kj |n).
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where the ki’s are given in Eq. (10), while the neutrino wavenumbers in matter k˜i represent
the eigenvalues of H .
In flavor components, Eq. (13) reads
Hαβ =
∑
i
k˜i U˜αi U˜βi , (17)
and thus the products U˜αi U˜βi can be identified with the matrix elements of the projector
operators Qi acting on the one-dimensional space spanned by the i-th eigenvector,
Qiαβ = U˜αi U˜βi , (18)
which admit the following factorization (also called spectral decomposition theorem of linear
algebra):
Qiαβ =
∏
j 6=i
k˜jδαβ −Hαβ
k˜j − k˜i
. (19)
After algebraic manipulations (omitted), which make use of the following two invariants
of the H matrix6,
k˜1 + k˜2 + k˜3 = Hee +Hµµ +Hττ , (20)
k˜1k˜2 + k˜2k˜3 + k˜3k˜1 = HeeHµµ +HµµHττ +HττHee
−(H2eµ +H2µτ +H2τe) , (21)
Eq. (19) can be cast in the form [31]
Qiαα =
(k˜i −Hββ)(k˜i −Hγγ)−H2βγ
(k˜i − k˜j)(k˜i − k˜n)
(22)
for the diagonal elements, and to
Qiαβ =
Hαβ(k˜i −Hγγ) +HαγHβγ
(k˜i − k˜j)(k˜i − k˜n)
(23)
for the off-diagonal elements, where (α, β, γ) are permutations of (e, µ, τ) and (i, j, n) are
permutations of (1, 2, 3).7 By comparing Eq. (18) with Eq. (22), one finally gets an explicit
expression for the U˜2ei’s as a function of the eigenvalues of H and of its (µ, τ) submatrix
elements,
U˜2ei =
(k˜i −Hµµ)(k˜i −Hττ )−H2µτ
(k˜i − k˜j)(k˜i − k˜n)
. (24)
6The third (unused) invariant is k˜1k˜2k˜3 = detH.
7Notice that, in the first of Ref. [31], there is a sign misprint in the expression of Qiαβ .
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B. Expressions for U˜ valid at first order in v
At first order in v, the eigenvalues k˜i of H are most easily calculated in the vacuum mass
basis νi, where the Hamiltonian is
H ′ = K + UTV U , (25)
and the eigenvalue equation [det(H ′ − k˜I) = 0] turns out to be already factorized,∏
i
(ki − k˜i + vU2ei) +O(v2) = 0 , (26)
leading to the (known, see [27]) result
k˜i = ki + vU
2
ei +O(v
2) . (27)
By means of Eq. (27) and Eq.(24) we finally obtain, after somewhat lengthy but straight-
forward algebra,
U˜2ei = U
2
ei
[
1 + 2v
(
U2ej
ki − kj +
U2en
ki − kn
)]
+O(v2) , (28)
where (i, j, n) are permutations of (1, 2, 3). This is our basic result in the QEI regime.
Notice that Eq. (28) depends explicitly on the squared mass differences m2i −m2j , as it
should, without restrictive (i.e., hierarchical) assumptions about their relative magnitude.
Notice also that Eq. (28) holds for generic values of the elements U2ei (within the unitarity
constraint
∑
i U
2
ei = 1).
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III. QEI RESULTS IN STANDARD PARAMETRIZATION
In the standard notation for the neutrino mixing matrix U [29],
U = U(θ12, θ13, θ23) = U(ω, ϕ, ψ) . (29)
the mixing matrix elements relevant to solar neutrinos read
U2e1 = cos
2 ϕ cos2 ω , (30)
U2e2 = cos
2 ϕ sin2 ω , (31)
U2e3 = sin
2 ϕ . (32)
8 By making the further assumption of small U2e2 and U
2
e3, and by applying the parametrization
adopted in [30] for the matrix U , Eq. (28) reproduces the results found at first order in (v, U2e2, U
2
e3)
in [30] for the low-density case.
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and thus depend only the angles ϕ and ω.9
By using an analogous notation for the mixing matrix and angles in matter (denoted by
a tilde) one has
tan2 ω˜ =
U˜2e2
U˜2e1
, (33)
sin2 ϕ˜ = U˜2e3 , (34)
and Eq. (11) for the QEI probability reads
P 3νee = cos
2 ϕ˜ cos2 ϕ(cos2 ω˜ cos2 ω + sin2 ω˜ sin2 ω) + sin2 ϕ˜ sin2 ϕ . (35)
In order to study the symmetry properties of P 3νee , we introduce three (commuting)
transformations T ,
Tω ⇐⇒ ω → pi/2− ω , (36)
Tδm2 ⇐⇒ δm2 → −δm2 , (37)
Tm2 ⇐⇒ m2 → −m2 , (38)
and also define two independent neutrino wavenumbers [associated to the squared mass gaps
in Eqs. (2,3)]
δk =
δm2
2E
, (39)
k =
m2
2E
. (40)
In terms of the previous notation, Eqs. (28) and (33) imply the following O(v) expression
for tan2 ω˜
tan2 ω˜ = tan2 ω
(
1 + 2
v cos2 ϕ
δk
fϕ
)
+O(v2) , (41)
where
fϕ = 1−
(
δk
k
)2
tan2 ϕ
1−
(
δk
2k
)2 (42)
The above two equations are invariant under the combined symmetry operation Tδm2Tω,
which simply means that δm2 can always be taken positive, as far as ω is taken in its full
9 The angle ψ corresponds to a rotation in the (νµ, ντ ) subspace, which is unobservable in solar
neutrino experiments. The possible CP violating phase can also be put in such subspace and rotated
away, as far as solar ν’s are concerned. This justifies the choice of real U for solar neutrinos.
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range [0, pi/2]. The expression for ω˜ is also invariant under the operation Tm2 , which means
that ω˜ carries no information about the difference between the two spectra in Fig. 1. Such
information is carried instead by ϕ˜.
In fact, the angle ϕ˜ can be expressed, through Eqs. (28) and (34), as
sin2 ϕ˜ = sin2 ϕ
(
1 + 2
v cos2 ϕ
k
gω
)
+O(v2) , (43)
where
gω =
1− δk
2k
cos 2ω
1−
(
δk
2k
)2 . (44)
The above two equations are symmetric under Tδm2Tω, but not under Tm2 . Therefore,
if ϕ is nonzero and if oscillations take place in the QEI regime, the two spectra in Fig. 1
can be distinguished—in principle—by solar neutrino data. In practice, the uncertainties
affecting the solar neutrino phenomenology currently prevent such discrimination [17,32].
However, the sensitivity to m2 (and to its sign) might be enhanced in the near future if the
solar neutrino parameters (δm2, ω) were confirmed (and accurately measured) in the LMA
region by reactor oscillation searches [33].
Notice that the previous expressions for the mixing angles allow to rewrite Eq. (35) in
the form
P 3νee = cos
2 ϕ˜ cos2 ϕ
(
P 2νee
)
v→vfϕ cos2 ϕ
+ sin2 ϕ˜ sin2 ϕ +O(v2), (45)
where P 2νee represents the adiabatic survival probability for the two-flavor subcase (namely,
ϕ = 0 and P 2νee = cos
2 ω˜ cos2 ω + sin2 ω˜ sin2 ω), provided that the effective electron density
is taken as fϕ cos
2 ϕNe in the calculation of ω˜ [see Eq. (41)]. The above recipe for the QEI
probability in three families is formally equivalent the one applicable in the MSW regime
[34,29,35,20], modulo the additional factor fϕ multiplying the effective density.
IV. GENERALIZED EXPRESSIONS FOR MIXING ANGLES IN MATTER
In this section we provide accurate expressions for the mixing angles in matter, general-
izing those valid in the MSW, QEI, and EI regimes, which are recovered as specific subcases.
Therefore, such expressions can be particularly useful for solar neutrino calculations span-
ning the three aforementioned regimes.
Let us express the QEI results [Eqs. (41) and (43)] in terms of the variables sin2 2ω˜ and
sin2 2ϕ˜,
sin2 2ω˜(QEI) ≃ sin2 2ω
(
1 + 2 cos 2ω
v cos2 ϕ
δk
fϕ
)
, (46)
sin2 2ϕ˜(QEI) ≃ sin2 2ϕ
(
1 + 2 cos 2ϕ
v
k
gω
)
, (47)
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and write again the three-flavor QEI probability [Eq. (45)],
P 3νee (QEI) ≃ cos2 ϕ˜ cos2 ϕ
(
P 2νee
)
v→vfϕ cos2 ϕ
+ sin2 ϕ˜ sin2 ϕ . (48)
We remind that Eqs. (46)–(48) have been derived at first order in v/k and v/δk (implying
small matter effects), with no (hierarchical) restriction on the relative magnitude of k and
δk.
The EI transition regime is recovered from the QEI case in the limit of very large squared
mass differences, i.e., at zeroth order in v/k and v/δk (so that sin2 ω˜ = sin2 ω and sin2 ϕ˜ =
sin2 ϕ). The EI probability reads then
P 3νee (EI) ≃ cos4 ϕ(cos4 ω + sin4 ω) + sin4 ϕ (49)
= U4e1 + U
4
e2 + U
4
e3 . (50)
The MSW regime is instead characterized by δk ∼ O(v) (strong matter effects). In
this case, the expressions for ω˜, ϕ˜, and P 3νee are often derived under a strictly hierarchical
hypothesis (i.e., at zeroth order in both δk/k and v/k), but with no further restriction on
the value of v/δk, giving the well-known results
sin2 2ω˜(MSW) ≃ sin
2 2ω(
cos 2ω − v cos
2 ϕ
δk
)2
+ sin2 2ω
, (51)
sin2 2ϕ˜(MSW) ≃ sin2 2ϕ , (52)
and
P 3νee (MSW) ≃ cos4 ϕ
(
P 2νee
)
v→v cos2 ϕ
+ sin4 ϕ , (53)
where P 2νee is the probability for the two-family subcase, containing the so-called crossing
probability Pc in the nonadiabatic MSW case (see [34,29,35,20] and references therein).
Less often, the above MSW expressions are improved by including the lowest-order effects
of nonzero v/k and δk/k [36], described by the (primed) expressions [29]
sin2 2ω˜(MSW′) ≃ sin
2 2ω(
cos 2ω − v cos
2 ϕ
δk
)2
+ sin2 2ω
, (54)
sin2 2ϕ˜(MSW′) ≃ sin
2 2ϕ(
cos 2ϕ− v
k + δk
2
cos 2ω
)2
+ sin2 2ϕ
. (55)
and
P 3νee (MSW
′) ≃ cos2 ϕ˜ cos2 ϕ
(
P 2νee
)
v→v cos2 ϕ
+ sin2 ϕ˜ sin2 ϕ . (56)
By comparing all the previous expressions, derived under different approximations in the
QEI, EI, and MSW(’) cases, we find that they can be considered as appropriate subcases of
the following generalized expressions for the mixing angles in matter,
9
sin2 2ω˜ ≃ sin
2 2ω(
cos 2ω − v cos
2 ϕ
δk
fϕ
)2
+ sin2 2ω
, (57)
sin2 2ϕ˜ ≃ sin
2 2ϕ(
cos 2ϕ− v
k
gω
)2
+ sin2 2ϕ
, (58)
and for three-family oscillation probability (in terms of the two-family one)
P 3νee ≃ cos2 ϕ˜ cos2 ϕ
(
P 2νee
)
v→vfϕ cos2 ϕ
+ sin2 ϕ˜ sin2 ϕ . (59)
In particular, using the above generalized expressions (57)–(59), it turns out that: (i)
The QEI approximation [Eqs. (46)–(48)] is recovered through a first-order expansion in v/k
and v/δk; (ii) The EI case [Eq. (49)] is reproduced in the limit v/δk, v/k → 0; (iii) The
usual MSW expressions [Eqs. (51)–(53)] are recovered in the (strictly hierarchical) limit
k →∞; and (iv) The improved MSW’ expressions [Eqs. (54)–(56)] are recovered through a
first-order expansion in δk/k. Therefore, Eqs. (57), (58) and (59), together with definitions
in Eqs. (44) and (42), provide useful generalizations of P 3νee and of the mixing angles in
matter ω˜ and ϕ˜, smoothly interpolating from the familiar MSW regime (where P 3νee depends
on δm2 only) to the QEI regime (where P 3νee depends on both δm
2 and m2) and further up
to the EI regime (independent on both δm2 and m2).
We have also performed the following numerical check: For many representative
(δm2, m2, ω, ϕ, E) values of phenomenological interest in the QEI regime, we have com-
puted P 3νee (E) both through the analytical expressions in Eqs. (57)–(59) and through Eq. (11)
with U obtained by numerical diagonalization. We find differences (often much) smaller than
10−3 in P 3νee .
Analogously, for the same previous (δm2, m2, ω, ϕ, E) values, we have tested the accu-
racy of the MSW’ approximations [Eqs. (54)–(56)] which, being derived under the hierar-
chical assumption of small δk/k, might not properly work in the QEI case. We typically
find only a slight worsening of the accuracy (no more than a factor of two), as compared
with the previous check. Such a slight worsening is maximized for the highest values of
δm2 and sin2 ϕ allowed by current neutrino phenomenology (about 0.7× 10−3 eV2 and 0.05,
respectively, see later). Notice that, for ϕ → 0, Eqs. (54)–(56) and Eqs. (57)–(59) tend to
the same 2ν limit, where genuine m2-induced QEI effects disappear.
In conclusion, Eqs. (57)–(59) provide a general and accurate prescription to calculate
the mixing angles and the νe survival probability in matter, smoothly interpolating between
the MSW, QEI and EI regimes. The prescription is most useful for nonvanishing ϕ. Pre-
liminary applications of this computing recipe in the analysis of the current solar neutrino
phenomenology have been presented in [17,18] and will be discussed in a separate work [32].
In the next section, we just focus on a representative QEI case compatible with present
reactor bounds.
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V. DISCUSSION OF A REPRESENTATIVE QEI SCENARIO
In this Section we discuss a representative spectrum of squared mass differences leading
to the QEI case for solar neutrinos, namely
(δm2, m2) = (0.6,±1.5)× 10−3 eV2 , (60)
where the sign of m2 discriminates the two options in Fig. 1. The above value for δm2 is
marginally allowed in the upper part of the LMA solution to the solar neutrino problem,
while the value of |m2| is allowed in the lower range of the oscillation solution to the atmo-
spheric neutrino anomaly [3]. Concerning neutrino mixing, we choose a small (but nonzero)
value for ϕ, and a value for ω within the LMA solution (as well as its octant-symmetric
value pi/2− ω),
tan2 ϕ = 0.04 , (61)
tan2 ω = 0.5 (2.0) . (62)
With the above choice for the mass-mixing parameters, it turns that two different squared
mass gaps (m2± δm2/2) are in the sensitivity range of reactor experiments such as CHOOZ
[14] and Palo Verde [15] (>∼ 0.7 × 10−3 eV2), so that the usual bounds derived for the 2ν
[3] case or for 3ν case with δm2 ≃ 0 [37] are not immediately applicable, and require a
dedicated study.10
A. CHOOZ constraints
The general 3ν survival probability for electron antineutrinos at reactors (in vacuum)
reads
P reacee = 1− 4 cos4 ϕ sin2 ω cos2 ω sin2
(
δk
2
x
)
− 4 sin2 ϕ cos2 ϕ sin2 ω sin2
(
k − δk/2
2
x
)
− 4 sin2 ϕ cos2 ϕ cos2 ω sin2
(
k + δk/2
2
x
)
, (63)
where x is the baseline. The above expression is invariant under the symmetry transforma-
tions Tδm2Tω Tδm2Tm2 , and Tm2Tω [defined in Eqs. (36)–(38)], implying that the two spectra
in Fig. 1 cannot be distinguished by reactor neutrino data (while they can be by solar ν
data in the QEI regime, at least in principle).
In [16], Eq. (63) has been used in global 3ν oscillation fits by using the total CHOOZ
rate [14]. However, since the low-energy part of the CHOOZ spectrum is more sensitive to
10In such a study it is sufficient to consider only CHOOZ data, the Palo Verde data being slightly
less restrictive on the same mass-mixing parameters.
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relatively low values of δm2, we prefer to use the full CHOOZ data set (i.e., the binned spectra
from the two reactors) rather than the total rate only. In particular, we have accurately
reproduced the so-called “χ2 analysis A” of [14], by using two 7-bin positron spectra and
one constrained normalization parameter, for a total of 14 + 1 − 1 = 14 independent (but
correlated) data. We obtain very good agreement with Fig. 9 in [14] for the two-flavor
subcase (not shown).11
Using our binned χ2 analysis for CHOOZ, and setting tan2 ϕ = 0.04, tan2 ω = 0.5,
and δm2 = 0.6 × 10−3 eV2, we obtain χ2/NDF = 15.5/14 for m2 = +1.5 × 10−3 eV2 and
χ2/NDF = 13.4/14 for m
2 = −1.5 × 10−3 eV2. Due to the symmetry Tm2Tω, the previous
χ2 values also apply for tan2 ω = 2 by replacing ±m2 with ∓m2. In any case, the choice of
parameters adopted in Eqs. (60)–(62) gives χ2/NDF ≃ 1, and thus passes the goodness-of-fit
test.
B. The QEI probability
Figure 2 shows the solar νe survival probability derived from Eqs. (57)–(59) (and averaged
over the 8B production region for definiteness) as a function of neutrino energy. The QEI
cases in Eqs. (60)–(62) are represented by either dot-dashed lines (m2 > 0) or dashed lines
(m2 < 0). Such lines collapse to a single (solid) line for m2 →∞, which provides the usual
(m2-independent) hierarchical limit. If one also takes δm2 → ∞, the energy dependence is
averaged out (EI regime) and the probability becomes constant (dotted, horizontal line).
Notice that the sizable QEI deviation from the constant EI case, induced by the finite
value of δm2, changes sign from the first to the second octant of ω. Such octant asymmetry,
which asymptotically disappears for increasing values of δm2, is still effective in the upper
part of the LMA solution (δm2 <∼ 10−3 eV2), where it becomes manifest as a slight local
preference of current solar ν data fits for tan2 ω < 1. This preference is mainly driven
by the low Chlorine rate [7], which favors relatively low values of Pee (realized in Fig. 2
by the lines at tan2 ω = 1/2). The subleading QEI deviation due to the finite value and
sign of m2 (which splits the solid line into the dashed and dot-dashed curves in Fig. 2)
plays instead a minor role in the current solar ν phenomenology [17,18], which does not
show a statistically significant preference for one of the two spectra in Fig. 1. However,
the situation might be improved in the near future [32], should the (δm2, ω) parameters be
confirmed and narrowed in the upper part of the LMA region by KamLand [33,38] and by
the second-generation solar neutrino experiments SNO [13,39] and BOREXINO [40]. In this
case (provided that ϕ is nonvanishing), residual m2-induced QEI corrections might play a
role in accurate calculations of P 3νee .
11The analysis A in [14] also introduces a constrained energy scale shift, that we omit for lack of
published information. Its effect seems to be small a posteriori, given that our bounds reproduce
those of [14] anyway.
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VI. CONCLUSIONS
We have performed (perturbative) analytical calculations of the solar 3ν survival proba-
bility P 3νee in the regime of quasi-energy-independent (QEI) transitions, intermediate between
the more familiar MSW and energy-independent (EI) regimes, and characterized by squared
mass differences all close to ∼ 10−3 eV2. We have generalized well-known MSW expressions
for P 3νee and for the mixing angles ω = θ12 and ϕ = θ13 (valid for hierarchical mass differences)
in a form which smoothly matches the corresponding expressions for the (nonhierarchical)
QEI regime. Our main results, summarized in Eqs. (57)–(59) [together with the definitions
in Eqs. (42) and (44)], represent an accurate and simple recipe that can be used to improve
current calculations of P 3νee in the upper part of the LMA solution, where the QEI regime
is effective and, for nonvanishing ϕ, there might be a residual sensitivity of solar neutrino
transitions to the “atmospheric” squared mass difference.
ACKNOWLEDGMENTS
We thank D. Montanino for useful discussions and suggestions. This work was supported
in part by the Italian INFN and MIUR under the “Astroparticle Physics” project.
13
REFERENCES
[1] B. Pontecorvo, Zh. Eksp. Teor. Fiz. 53, 1717 (1967) [Sov. Phys. JETP 26, 984 (1968)];
Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys. 28, 675 (1962).
[2] Super-Kamiokande Collaboration, Y. Fukuda et al., Phys. Rev. Lett. 81, 1562 (1998).
[3] H. Sobel for the Super-Kamiokande in Neutrino 2000, Proceedings of the 19th Inter-
national Conference on Neutrino Physics and Astrophysics (Sudbury, Canada, 2000),
edited by J. Law, L.W. Hollerhead, and J.J. Simpson, Nucl. Phys. B (Proc. Suppl.) 91,
127 (2001).
[4] B. Barish for the MACRO Collaboration, in Neutrino 2000 [3], p. 141.
[5] W.A. Mann for the Soudan 2 Collaboration, in Neutrino 2000 [3], p. 134.
[6] J.N. Bahcall, Neutrino Astrophysics (Cambridge University Press, Cambridge, England,
1989).
[7] Homestake Collaboration, B.T. Cleveland, T.J. Daily, R. Davis Jr., J.R. Distel, K.
Lande, C. K. Lee, P.S. Wildenhain, and J. Ullman, Astrophys. J. 496, 505 (1998).
[8] Kamiokande Collaboration, Y. Fukuda et al., Phys. Rev. Lett. 77, 1683 (1996).
[9] SAGE Collaboration, J.N. Abdurashitov et al., Phys. Rev. C 60, 055801 (1999).
[10] GALLEX Collaboration, W. Hampel et al., Phys. Lett. B 447, 127 (1999).
[11] Y. Suzuki for the Super-Kamiokande in Neutrino 2000 [3].
[12] GNO Collaboration, M. Altmann et al., Phys. Lett. B 490, 16 (2000).
[13] SNO Collaboration, Q.R. Hamad et al., Phys. Rev. Lett. 87, 071301 (2001).
[14] CHOOZ Collaboration, M. Apollonio et al., Phys. Lett. B 466, 415 (1999).
[15] Palo Verde Collaboration, F. Bohem et al., Phys. Rev. D 62, 072002 (2000).
[16] M.C. Gonzalez-Garcia, M. Maltoni, C. Pen˜a-Garay, and J.W.F. Valle, Phys. Rev. D 63,
033005 (2001).
[17] G.L. Fogli, in the Proceedings of the 9th International Workshop on Neutrino Telescopes
(Venice, Italy, 2001), edited by M. Baldo-Ceolin (Univ. of Padua publication, Padua,
2001), p. 105.
[18] G.L. Fogli, E. Lisi, A. Marrone, D. Montanino, and A. Palazzo, in the Proceedings of
Moriond 2001, 36th Rencontres de Moriond on Electroweak Interactions and Unified
Theories (Les Arcs, France, 2001), to appear; hep-ph/0104221.
[19] G.L. Fogli, E. Lisi, A. Marrone, and D. Montanino, in Neutrino 2000 [3], p. 167; G.L.
Fogli, E. Lisi, and A. Marrone, Phys. Rev. D 64, 093005 (2001).
[20] G.L. Fogli, E. Lisi, and D. Montanino, Phys. Rev. D 54, 2048 (1996); G.L. Fogli, E.
Lisi, D. Montanino, and A. Palazzo, Phys. Rev. D 62, 013002 (2000).
[21] G.L. Fogli, E. Lisi, and D. Montanino, Phys. Rev. D 49, 3626 (1994); G.L. Fogli, E.
Lisi, and G. Scioscia, Phys. Rev. D 52, 5334 (1995).
[22] A. Strumia, J. of High Energy Phys. 04, 26 (1999); O.L.G. Peres and A.Yu. Smirnov,
Phys. Lett. B 456, 204 (1999); T. Teshima and T. Sakai, Phys. Rev. D 62, 113010
(2000). See also O. Yasuda, hep-ph/9706546 for an earlier, general 3ν analysis of
Kamiokande data.
[23] G.L. Fogli, E. Lisi, D. Montanino, and A. Palazzo, Phys. Rev. D 64, 093007 (2001);
J.N. Bahcall, M.C. Gonzalez-Garcia, and C. Pen˜a-Garay, JHEP 0108, 014 (2001); A.
Bandyopadhyay et al., Phys. Lett. B 519, 83 (2001); P.I. Krastev and A.Yu. Smirnov,
14
hep-ph/0108177; M.V. Garzelli and C. Giunti, JHEP 0112, 017 (2001); P. Creminelli
et al., hep-ph/0102234 v2.
[24] V. Gribov and B. Pontecorvo, Phys. Lett. B 28, 493 (1969); S.M. Bilenky and B.
Pontecorvo, Phys. Rep. 41, 225 (1978). See also the recent analyses in: V. Berezinsky,
M.C. Gonzalez-Garcia, and C. Pen˜a-Garay, Phys. Lett. B 517, 149 (2001); S. Choubey,
S. Goswami, N. Gupta, and D.P. Roy, Phys. Rev. D 64, 053002 (2001); S. Choubey, S.
Goswami, and D.P. Roy, hep-ph/0109017.
[25] L. Wolfenstein, Phys. Rev. D 17, 2369 (1978); S.P. Mikheyev and A.Yu. Smirnov, Yad.
Fiz. 42, 1441 (1985) [Sov. J. Nucl. Phys. 42, 913 (1985)]; Nuovo Cimento C 9, 17 (1986).
[26] A. Friedland, Phys. Rev. Lett. 85, 936 (2000); G.L. Fogli, E. Lisi, D. Montanino, and A.
Palazzo, Phys. Rev. D 62, 113004 (2000); A.M. Gago, H. Nunokawa, and R. Zukanovich
Funchal, Phys. Rev. D 63, 013005 (2001); E. Lisi, A. Marrone, D. Montanino, and A.
Palazzo, and S.T. Petcov, Phys. Rev. D 63, 093002 (2001).
[27] V. Barger, S. Pakvasa, R.J.N. Phillips and K. Whisnant, Phys. Rev. D 22, 2718 (1980).
[28] H.W. Zaglauer and K.H. Schwarzer, Z. Phys. C 40, 273 (1988).
[29] T.K. Kuo and J. Pantaleone, Phys. Rev. D 35, 3432 (1987); Rev. Mod. Phys. 61, 937
(1989).
[30] S.T. Petcov and S. Toshev, Phys. Lett. B 187, 120 (1987).
[31] V.M. de Aquino, J. Bellandi, and M.M. Guzzo, Braz. J. of Phys. 27, 384 (1997); V.M.
de Aquino and M. Canaves, Jr., Phys. Rev. D 60, 073001 (1999).
[32] G.L. Fogli, E. Lisi, and A. Palazzo, work in progress.
[33] V. Barger, D. Marfatia, and B.P. Wood, Phys. Lett. B 498, 53 (2001).
[34] C.S. Lim, in the Proceedings of the Brookhaven National Laboratory Neutrino Work-
shop: Opportunities for Neutrino Physics at BNL (Upton, NY, 1987), edited by M.J.
Murtagh (BNL publication, 1987), p. 111.
[35] X. Shi and D.N. Schramm, Phys. Lett. B 283, 305 (1992); X. Shi, D.N. Schramm, and
J.N. Bahcall, Phys. Rev. Lett. 69, 717 (1992).
[36] G.L. Fogli, E. Lisi, and D. Montanino, Astropart. Phys. 4, 177 (1995).
[37] G.L. Fogli, E. Lisi, A. Marrone, and G. Scioscia, Phys. Rev. D 59, 033001 (1999); G.L.
Fogli, E. Lisi, D. Montanino, and G. Scioscia, Phys. Rev. D 55, 4385 (1997).
[38] A. Suzuki, in Neutrino 2000 [3], p. 171.
[39] A.B. McDonald, in Neutrino 2000 [3], p. 43.
[40] L. Oberauer, in Neutrino 2000 [3], p. 48.
15
FIG. 1. Neutrino mass spectrum, together with our notation for the squared mass differences
δm2 and m2. When both such parameters approach 10−3 eV2, solar neutrinos undergo quasi-
energy-independent oscillations. In the QEI regime, both m2 and the relative sign between δm2
and m2 become observable in matter and can, in principle, discriminate the two possible options
in figure.
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FIG. 2. QEI effects on P 3νee , averaged over the
8B production region, for (δm2, m2) =
(0.6 ,±1.5) × 10−3 eV2, together with the asymptotic behavior for |m2| → ∞ (hierarchical case)
and for both δm2 and |m2| large (averaged oscillations). The mixing parameter tan2 ϕ is set at the
value 0.04, while tan2 ω is taken to be either 1/2 or 2 (corresponding to octant-symmetric values
of ω). The QEI cases in this figure are allowed by CHOOZ spectral data.
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